Abstract-This paper addresses the simulation of the conducted electromagnetic interference produced by circuits with periodically switching elements. The proposed method allows for the computation of their steady-state responses by means of augmented linear time-invariant equivalents built from circuit inspection only, and standard tools for circuit analysis. The approach is demonstrated on a real dc-dc boost converter by comparing simulation results with real measurements.
I. INTRODUCTION
N OWADAYS, switching power converters are massively used in electronic equipment and appliances. Due to their switching activity, these circuits represent the typical sources of the conducted electromagnetic interference (EMI) cluttering the power distribution network. Thus, their characterization is essential in order to understand and control their behavior, and comply with EMC regulations for conducted emissions (CE). Numerical simulation is the key tool in the early design phase to predict the generated electromagnetic noise and to carry out a systematic assessment of alternative design strategies for EMI suppression (e.g., see [1] , [2] ).
The classical approach to CE prediction is via time-domain simulation and the Fourier transform [3] , [4] . In spite of its simplicity and effectiveness, this solution requires long simulation times to achieve accurate results and to avoid numerical integration errors. As an alternative, direct frequency-domain methods have been proposed in the literature ( [2] , [5] - [7] represent a sample of significant state-of-the-art contributions). Current techniques make use of simplifications to suppress the timevarying nature of the switches and to replace the original circuit with a linear time-invariant (LTI) surrogate, which however may lead to inaccuracies and unexpected behavior when the device operating condition is varied. The typical example is provided by a switching converter connected to the supply main via a suitably designed filter. It is worth noticing that for the case of time-varying circuits, the latter situation is similar to the one occurring when a small-signal LTI equivalent is used to predict the large-signal behavior of a nonlinear device. To overcome the above limitations, this paper suggests an alternative frequency-domain solution to EMI prediction. The method is based on the well established theory of periodically switched linear (PSL) systems (e.g., see [8] - [10] ). This approach provides a novel tool for accurate EMI prediction based on the simulation of a systematic augmentation of the original switching circuit, and allows to readily explain the mechanism of the generation of EMI disturbances. The validation of the proposed methodology is performed on a dc-dc boost converter, whose measured CE are excellently predicted by the augmented circuit.
II. HARMONIC GENERATION IN SWITCHING CIRCUITS
This section focuses on the discussion of the key underlying features of the steady-state responses of a switching circuit. For the sake of illustration, the schematic of Fig. 1 is considered. It provides a simple example that consists of the interconnection of both classical LTI and switched elements, and that exhibits the typical behavior of this class of circuits as shown by the curves of Fig. 2 .
The waveshapes of Fig. 2 clearly highlight that a generic switched circuit behaves analogously to an amplitude modulator, where the carrier is the excitation source (a sinusoidal waveform in this example) and the modulation signal is the square wave defining the periodic activity of the switch (see Fig. 1 ). Of course, reactive elements (e.g., the capacitor of the example) unavoidably introduce additional dynamic effects as shown in the response v 2 of Fig. 2 . This simple interpretation allows us to justify the behavior of switching circuits in both the time-and the frequency-domains. In fact, the circuit response to a single tone (i.e., a sinusoidal signal of angular frequency ω 0 ) modulated by the periodic activity of the switch element (i.e., a square wave signal characterized by an infinite number of harmonics, whose fundamental angular frequency is ω c = 2π/T ) leads to a rich spectrum with many spikes centered on the carrier frequency and located at ω 0 ± nω c , n = 0, 1, 2, . . .. The above observation, that explains the key differences between LTI and PSL elements, is graphically illustrated in Fig. 3 .
The mathematical theory of linear periodic time-varying systems confirms, with a more rigorous mathematical apparatus, the qualitative behavior discussed above and suggests to approximating the steady-state response of a switched circuit in terms of a truncated harmonic expansion (e.g., see [9] - [11] and references therein). As an example, for the voltage v 1 (t) and a single tone excitation e(t) = E 0 exp(jω 0 t), the above approximation can be written
where ω c = 2πf c refers to the periodic switching, ω 0 represents the sinusoidal excitation of the circuit, and V 1,n are the Fourier coefficients of the harmonics of voltage v 1 . The same approximation holds for all the other voltage and current variables. For the case of a sinusoidal excitation, (1) can be readily modified by accounting for both the two frequency tones located at ω = ±ω 0 (i.e., E 0 sin(ω 0 t) = E 0 (exp(jω 0 t) − exp(−jω 0 t))/2j).
III. AUGMENTED CHARACTERISTICS AND STEADY-STATE SOLUTION
This section collects the basic steps of the proposed simulation method for the steady-state analysis of a PSL circuit. The following reasoning is based on a suitable interpretation of the harmonic coefficients defining the circuit response (i.e., V 1,n of (1)) in terms of new variables of an augmented LTI circuit, that can be solved directly in the frequency-domain via standard tools for circuit analysis.
The method can be decomposed into the following two steps: generate the augmented LTI characteristics of all the circuit elements (see Sections III-A and B below) and obtain the steadystate solution of the original circuit in terms of the solution of an augmented LTI nodal equation (see Section III-C).
A. Characteristics of LTI Elements
For notational convenience, a generic two-terminal element with the associated voltage v(t) and current i(t) variables defined with passive sign convention is assumed. The electrical variables are represented by means of their corresponding Fourier transforms and are approximated by means of a truncated series of delta functions (e.g.,
For the case of a simple resistor, the relation between its current and voltage harmonics turns out to be frequency independent and written as
For the case of dynamic LTI elements, such as a capacitor, the constitutive relation becomes
and similarly for an inductor.
B. Characteristics of Switching Elements
When dealing with a switch, the computation requires additional effort. A generic switch, like S of Fig. 1 , is assumed to be described by a two-terminal element that consists of the series connection of an ideal switching element and of a finite series resistance R ON , leading to the following constitutive relation:
where the coefficients Y l are defined by closed-form analytical formula that can be easily computed from the information of the switching operation (i.e., the quantities defined on the righthand-side panel of Fig. 1 ). Intuitively, (4) is justified by the PSL branch of Fig. 3 and is more deeply discussed in [12] , where the Y l coefficients are derived and shown to be
where the parameters of the switching function are defined in the right-hand-side panel of Fig. 1 . It is relevant to remark that (4) can be used to approximate the behavior of any binary switching device in a PSL circuit, like diodes or MOS transistors. In addition, (4) highlights that the switch leads to a fully coupled relationship involving the combination of all the different harmonics, as opposed to any LTI components characterized by single-frequency relationships (see (2) , (3) and the upper branch of Fig. 3 ).
C. Augmented Circuit and Solution
Based on (2)-(4), the constitutive relations of the elements of a generic switching circuit can be rewritten in a more compact form as follows: The most important outcome of the above interpretation is that each element of a switching circuit can be replaced by an augmented admittance block that can be combined with the others using the same topological structure of the original circuit. The augmented circuit is readily generated from circuit inspection only and can be solved via standard tools (such as the modified nodal method) via simple linear inversion. Finally, the steady-state response of the the PSL circuit can be reconstructed by means of expressions analogous to (1) , where the spectral coefficients are the solutions of the augmented circuit.
As a first validation, the proposed approach is applied to the example of Fig. 1 , for which an augmented model with expansion order N = 50 has been used. Fig. 4 shows the predicted spectrum of voltage v 2 , compared with the Fourier transform of the circuit response obtained by time integration of the circuit ordinary differential equations (ODE). This comparison highlights the good accuracy and of the solution. In fact, the relative mean square error of the difference between the reference and the predicted time-domain steady-state responses is < 0.05%. Also, the proposed method is very efficient, since the compu- tation via the augmented circuit is 30× faster than the ODE integration.
IV. APPLICATION TEST CASE
The proposed method is validated on a real test case involving a dc-dc boost power converter in the typical configuration of Fig. 5 and is used to estimate its differential mode (DM) noise EMI spectrum.
The parameters and operating conditions defining this example test case are the following: The converter operates in continuous mode at f c = 40 kHz with duty cycle D = 45%; the input voltage E = 20 V is applied through the line impedance stabilization network (LISN). Additional details on this example test case and on the time-domain measurements carried out are provided in [2] .
The DM noise voltage is detected through the LISN as the difference between the line-to-ground v LG and the neutral-toground v NG voltages
According to the procedure outlined in Section III, the augmented LTI equivalent built from the complete schematic of Fig. 5 is generated. For the boost circuit represented by the gray box of Fig. 5 , all individual elements are used, and the diode and the MOS devices are suitably replaced by two periodic switches. According to the technical datasheets, the nonideal behavior of both the MOS and the diode is provided by the inclusion of their own parasitic capacitances and switching misalignment. The reference results are represented by time-domain measurements performed on a circuit built according to the schematic of Fig. 5 . Fig. 6 shows the comparison between the reference and the predicted time-domain responses of the DM noise voltage v DM (t). From the curves of this figure, it is clear that the proposed method allows us to generate predictions with a tunable accuracy depending on the expansion order N . The bottom panel of Fig. 6 highlights that N = 100 is sufficient to describe the overall signature of the DM noise without the localized spikes. To achieve a better accuracy, the expansion order unavoidably needs to be increased to a much larger value (e.g., N = 1000). In the latter case, the agreement is excellent and the measured responses are very well reproduced by the prediction. Similarly, Fig. 7 shows a comparison of the reference and predicted frequency-domain spectra of the DM noise, thus confirming the accuracy of the predicted responses in reproducing both the envelope and the notches of the reference curve. From the curves in Fig. 7 it is even more evident that the expansion order should be large enough to cover the entire bandwidth required for the characterization of the CE spectrum (i.e., 150 kHz-30 MHz). Since the largest harmonic of the series expansion of (1) is located at f max = f 0 + Nf c , for the boost example with a constant voltage excitation (i.e., f 0 = 0 Hz), the minimum number of harmonics spanning a 30-MHz bandwidth turns out to be N ≥ (30 MHz/f c = 750).
To conclude the comparison, Table I reports the efficiency and covered bandwidth of the proposed method, for an increasing size of the expansion order N . The numbers in the of N . Even if a large expansion number is considered (i.e., N = 1000), the EMI prediction is always achieved in a reasonable amount of time.
V. CONCLUSION
This paper addressed the simulation of the steady-state response of a switching circuit with the aim of predicting its EMI disturbances propagating in the power distribution network. The proposed approach provides an alternative yet effective topological solution that is based on the generation of an augmented LTI equivalent. The solution of the above augmented network via standard tools (such as the classical nodal method) at a single frequency point allows us to compute the harmonic coefficients of the steady-state circuit response. The method is illustrated on a simple example and its feasibility and strength are demonstrated on a real dc-dc boost circuit. Predicted responses are compared with measured data, yielding remarkable accuracy and good simulation time reduction.
